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Abstract. Methods from additive number theory are applied to construct 
families of finitely generated linear semigroups with intermediate growth. 



1. Growth functions of finitely generated semigroups 

Let S be a finitely generated semigroup and let A be a set of generators for S. 
Every element x £ S can be written as a word with letters from the set A, that is, 
as a finite product of elements of A. The length of x with respect to A, denoted 
£a(x), is the number of letters in the shortest word that represents x. Note that 
£a(x) = 1 if and only if x £ A. We shall assume that S contains an identity element 
1 and that 1 £ A. We define £ A {1) = 0. 

Let N = {1, 2,3,.. .} denote the set of positive integers and No = NU {0} the 
set of nonnegative integers. For every n £ No, let A^n) denote the number of 
elements of S of length exactly n. We define the growth function 7.4(71) of S with 
respect to A by 

n 

lA{n) = card({a; £ S : £a( x ) < n }) — /J -^4(771). 

m=0 

The function 7.4(71) is an increasing function that counts the number of elements 
of S of length at most n. If card(A) = k, then, for all nonnegative integers n, 

X A (n) < k n 

and 



lA{n) < 



n +1 if k = 1 



if k > 1. 



I, fe-i 

The semigroup 5 has polynomial growth with respect to the generating set A if 
there exist positive numbers c and d such that 74(71) < cn d for all sufficently large 
n. In this case, log 74(71) < logc + dlogn and so 

log7A(n) 
hmsup — < 00. 

n^oo log 71 
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If S does not have polynomial growth, then 

,. log 7a (n) 

lim sup — = oo. 

n^oo logn 

We say that S has superpolynomial growth if 

log 7^(77) 
lim — = oo. 

n^oo log 77 

The semigroup S has exponential growth with respect to the generating set A 
if there exists 9 > 1 such that (n) > 0™ for all sufficently large n. In this case, 
log ja (n) > n log and so 

liminf log7A(n) >() 

If S docs not have exponential growth, then 

. logX4(n) „ 
lim ml = U. 

n— >oo 77 

We say that the S has subexponential growth if 

lim l0gX4(n) = 0. 

n^oo 77 

The semigroup 5 has intermediate growth with respect to A if the growth of S is 
both superpolynomial and subexponential. 

We review some standard facts about growth functions. Let A and B be finite 
generating sets for S, and let 

c A = max(^(6) :be B) 

and 

cb — max(ls(a) : a e A). 

Then 

7b (n) < 7a(ca«-) 

and 

7aH < 7s(csn). 

These inequalities imply that the growth function 7a("-) is polynomial, superpoly- 
nomial, subexponential, or exponential if and only if the growth function 7s (n) is, 
respectively, polynomial, superpolynomial, subexponential, or exponential. 

Lemma 1. Let S and T be finitely generated semigroups and let f : S — > T be an 
injective semigroup homomorphism. If A is any finite generating set for S, then 
there is a finite generating set B for T such that 

l { A S \n)<l { P{n) 

for all n G No. If the growth ofT is polynomial or subexponential, then the growth 
of S is, respectively, polynomial or subexponential. If the growth of S is superpoly- 
nomial or exponential, then the growth of T is, respectively, superpolynomial or 
exponential. 

Proof. Let A be a finite generating set for S, let B' be any finite generating set for 
T, and let B = B'Uf(A). If £a(s) = m, then s = a\ ■ ■ ■ a m for some a\, . . . , a m £ A. 
Since /(s) = f{a\) ■ ■ ■ f(a m ), it follows that ^s(/(s)) < m. Since / is one-to-one, 
it follows that ^^{n) < 7^(77). This inequality implies the statements about 
growth rates. □ 
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Lemma 2. Let S be a finitely generated subsemigroup of a finitely generated semi- 
group T . If the growth ofT is polynomial or subexponential, then the growth of S is, 
respectively, polynomial or subexponential. If the growth of S is superpolynomial or 
exponential, then the growth of T is, respectively, superpolynomial or exponential. 

Proof. This follows immediately from Lemma ^ D 

Lemma 3. Let S and T be finitely generated semigroups and let f : S — * T be a 
surjective semigroup homomorphism. If A is any finite generating set for S, then 
B = {/(a) : a S A} is a finite generating set for T , and 

for all n € N . If the growth of S is polynomial or subexponential, then the growth 
of T is, respectively, polynomial or subexponential. If the growth of T is super- 
polynomial or exponential, then the growth of S is, respectively, superpolynomial or 
exponential. 

Proof. Let y S T. Since / is onto, there exists x £ S such that f(x) = y. If £ A (x) = 
m, then there is a sequence a\, . . . , a m £ A such that y = f(x) = f{a\) ■ ■ ■ f(a m ), 
and so B — {/(a) : a £ A} is a generating set for T. Conversely, if y £ T and 
£b(v) = tti, then there exist a\, . . . , a m £ A such that y = /(&i) • • • f(a m ). Let x — 
cii • • • a m £ S. Then f(x) = y and £a{%) < m» This implies that 7^ (n) < 7^ (n) 
for all n, and the growth conditions follow directly from this inequality. □ 

The growth of a finitely generated abelian semigroup S is always polynomial. 
Indeed, if A is a set of generators for S with card(^4) = k, then 

and 

7A(n) < ( fc «n*. 

More precisely, Khovanskii 00], Nathanson jS], Nathanson and Ruzsa ^U] proved 
that there is a polynomial /a(^) with integer coefficients such that Xa(it-) = fA(n) 
for all sufficiently large integers n. It follows that there is a polynomial Fa{x) with 
integer coefficients such that ja (n) — -Fa(^) for all sufficiently large n. 

The growth of finitely generated free semigroups of rank at least two is always 
exponential. If iS is the free semigroup generated by a set of k > 2 elements, then 
Xa(u) — k n and 7a(^) = (k n+1 — l)/(fc — 1) > k n . By Lemma|21 a semigroup that 
contains a free subsemigroup on two generators has exponential growth. 

Semigroups of intermediate growth are more difficult to construct. Bcljaev, 
Sesekin, and Trofimov pQ proved that the free semigroup generated by two elements 
e and g with the relations e 2 = e and eg l eg^e — eg' j ' eg 1 e for all nonnegative integers 
i and j is a semigroup of intermediate growth. Oknihski 11 constructed two ex- 
amples of linear semigroups, that is, subsemigroups of the multiplicative semigroup 
M„(Z) ofnxn matrices. Let Si be the subsemigroup of M 2 (Z) generated by the 
set 
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and let 71 be the subsemigroup of M^{7i) generated by the set 
A = 




Both Si and T\ are homomorphic images of the Beljaev, Sesekin, and Trofimov 
semigroup and have intermediate growth. Nathanson [B] gave a simple number- 
theoretical proof that S^' has intermediate growth, and Lavrik-Mannlin 5 com- 
puted the growth function of S W . Grigorchuk and Shneerson ^] 1131 HI] have 
also investigated the growth of semigroups. 

In this paper we apply ideas from additive number theory to construct families 
of linear semigroups of intermediate growth that generalize Oknihski's examples. 

2. Partition functions of sets of positive integers 

Results about the intermediate growth of groups and semigroups often use es- 
timates for the asymptotics of partition functions in additive number theory. We 
review some of these results here. 

Let A be a set of positive integers and let pa in) denote the number of partitions 
of n into parts belonging to A. If A = N is the set of all positive integers, then 
pin) =pisi(ri) is the classical partition function. 

If A is a nonempty finite set of relatively prime positive integers and card(^4) = r, 
then 

(Nathanson 0| and Theorem 15.2]). Let p r {n) denote the number of partitions 
of n into at most r parts, let p r {n) denote the number of partitions of n into 
exactly r parts, and let q r (n) denote the number of partitions of n into exactly r 
distinct parts. Since the number of partitions of n into at most r parts is equal to 
the number of partitions of n into parts belonging to the set A = {1, 2, . . . , r}, it 
follows that 

and 

n r_1 

(1) p r (n) =p r (n) - p r -i{n) = ^ _ + O (n r ~ 2 ) . 
We note that p r {n) and p r (n) are increasing functions of n, and 

n 

(2) p(n) = 

If n = ai + • • • + a r is a partition of n into r distinct positive parts a% > ■ ■ ■ > a r , 
then n > r(r + l)/2 and 

n - r(r ~ X) = (oi - (r - 1)) + (a 2 - (r - 2)) + • • • + (a 2 - 1) + a x 

is a partition of n — r(r — l)/2 into r parts. This identity establishes a bijection 
between partitions into exactly r distinct parts and partitions into exactly r parts, 



FAMILIES OF LINEAR SEMIGROUPS WITH INTERMEDIATE GROWTH 



5 



and so 

(3) q r (n) = Vrin - r(r - l)/2) = _ + (n r - 2 ) . 
The set A has asymptotic density d(A) = a if 

lim — 1 = a. 

n — >oc 7X — ' 

aSA 
a<~n 

If d(A) = a > and gcd(A) = 1, then 

(4) log pa (n) — Coi/an 
where 

n 

V 6 

(An elementary proof of @ is in Nathanson [7| Theorem 16.1].) In particular, if 
A = N, then a = 1 and the partition function p(n) = Pn(«) satisfies the Hardy- 
Ramanujan asymptotic estimate 

logp(rc) ~ c Vn- 

If A is the set of odd positive integers, then a = 1/2 and logp^(n) ~ coy/n/2. 
Let g(n) denote the number of partitions of n into distinct positive integers. Since 
the number of partitions of an integer into distinct parts is equal to the number of 
partitions into odd parts, it follows that 

logq(ra) — c \/n/2. 
3. A CONDITION FOR SUBEXPONENTIAL GROWTH 

Lemma 4. Let S be a semigroup generated by a set A = {e,g}, where e is an 
idempotent. The set 

Sq = eSe = {exe :x£5] 
is a subsemigroup of S with identity e, and is generated by the set {eg k e : k — 
0, 1, 2, 3, . . .}. Define g° = 1. Then 

OO 

i,3=0 

Suppose that, for all nonnegative integers i±, ji,i2,j2, 

(5) g ll S g n n g h S g j * ? if and only if (i x , j x ) = (i 2 , j 2 ). 
For aZZ nonnegative integers i and j, let 

li,j{n) = card{y € ff l <S p j : ^a(j/) < n} 
and Zei 70(1) = 7o,o(^)- 27ien 

7i,jW < 7o(n-i - j). 

Proof. Let a; € g l Sog 3 ■ By condition (J5J, every representation of a; as a word in e 
and <7 must be of the form x = g l y' g° for some y' € So. Therefore, 

i A {x) = mm{i + j + £ A (y') : y' G 5 and a; = ff'j/V} = » + J + ^t(y) 

for some ?/ G <So- If ^a(^) — to j then ^a(j/) = m — i — j and so 7$ j (n) < 7o(rt — i — 

i). ' ' □ 
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Theorem 1. Let S be a semigroup generated by a set A = {e,g}, where e is an 
idempotent, and let So = eSe. Suppose that 

(i) For all nonnegative integers k\ and k 2 , 

eg kl eg k2 e = eg k2 eg kl e 

(ii) For all nonnegative integers ii,ji,i2>32i 

g H S g n n g l2 S g 32 # if and only if {i ll3l ) = (i 2 ,j 2 ). 
Then the semigroup S has subexponential growth. 

Proof. If e = 1, then S = So = {g l } c j^o an< ^ condition (ii) is not satisfied. Thus, we 
can assume that e ^ 1. If 1 € So, then there exist positive integers k\, . . . , k r such 
that eg kl eg k2 e ■ ■ ■ eg kr e = 1. Multiplying this identity by e, we obtain e = 1, which 
is absurd. Therefore, 1 ^ Sq. 

Let 7o(^) denote the number of elements y € So such that £a(v) !_ n - If V £ So 
and (-A{y) = m < n, then conditions (i) and (ii) imply that either y = e or there 
exist positive integers r and ki > • • • > k r such that 

y = eg kl eg k2 e • • • eg kr e 

and 

&a{v) = ki + k 2 + • • • + k r + r + 1 = to. 
Thus, to every y S 5o with Ia(v) = w there are associated a positive integer r and 
a partition of to — r — 1 into exactly r parts, and so the number of elements y G So 
of length exactly to is 

m m 

Ao(to) = 7o(to) — 7o(to — 1) < VJp r (m — r — 1) < ^^p r (m) = p(m) 

r—l r—1 

by ©■ Since 1 ^ 5o, we have 

n n 

7o(n) = ^2 A (m) < p(to) < np(n). 

m— 1 m— 1 

Let 7i,j(ji) denote the growth function of the set g l Sog 3 with respect to the 
generating set A. By Lemma 0] 

7i,j{n) < 7o (n -i-j). 

By condition (ii), if g l = gi , then g l Sog l = g 3 Sog 3 and so i = j. Therefore, for every 
n > there is exactly one element in the set {g l }"^ °f length n, and 

n n 

7A(n) <J2Y1 + n + 1 

i=0 j"=0 
n n 

1=0 j=0 

< (n+l) 2 7o(n) + n+l 

< 2(n+ l) 3 p(n). 

From the asymptotic formula Q for the partition function, we obtain 
logj A (n) < log2(n+ l) 3 + logp(n) < V™ 
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and so 



lim l0g7A(n) = 0. 



n^oo n 

Thus, the growth function ja (n) is subexponential. □ 

4. Sequences with many partition products 
Let W = {wk\^i be a sequence of elements in a semigroup {X, *) such that 

w kl * w k2 = w k2 * w kl 

for all positive integers k\,k 2 . To every finite sequence of positive integers k\ , k 2 , . . . , k r 
we associate the element * w k2 * • • • * Wk r € X. For every integer r > 1, let 
Wr(n) denote the subset of X associated to partitions of positive integers not ex- 
ceeding n into exactly r parts, that is, w <G W r (n) if and only if there is a sequence 
of positive integers k\ > k 2 > ■ ■ ■ > k r such that k\ + ki + ■ ■ ■ + k r < n and 
w = Wfe x * Wk 2 * • • • * Wk r ■ We define 

_ . . ... log card( W r (n)) 
$(r) = hmmf — — — 

n^oo logn 

The sequence {wk}^° =1 has many partition products in W if 

lim $(r) = co. 

Here are some examples of sequences with many partition products. 

Theorem 2. For every positive integer d, lethid be the multiplicative semigroup of 
all positive integers u such that u = 1 (mod d). The seguence 

W = {dk + 1}£° =1 

has many partition products. 

Proof. Let r > 1 and let k\ > k 2 > ■ ■ ■ > k r be a sequence of positive integers 
with k\ + k 2 + ■ ■ ■ + k r < n. Associated to this sequence is the integer (dk\ + 
l)(dk2 + 1) • • • (dk r + 1) e W r (n). Let K. denote the set of positive integers k such 
that dk + 1 is prime, and let K(t) count the number of elements k € IC with 
k < t. If fci > &2 > • • • > k r and j\ > j 2 > ■ ■ ■ > j r arc distinct sequences of 
elements of IC such that k\ < n/r and j\ < n/r, then k\ + k 2 + • • • + k r < n 
and ji + j 2 + ■ ■ ■ + j r < n, hence (dk\ + l)(dk 2 + 1) • • • (dk r + 1) e W r (n) and 
(dji + l)(dj 2 + 1) • • • (dj r + 1) G W r (n). By the fundamental theorem of arithmetic, 
(dki + l)(dk 2 + !)■■■ {dk r + 1) + {dji + l){dj 2 + !)■■■ {dj r + 1), and so 

„Trr,« (K(n/r)+r-\\ K{n/r) r 
\ r J r\ 

Let 7r(x, d, 1) denote the number of prime numbers p < x such that p = 1 (mod d). 
Let 

dn 

x = hi. 

r 

Then dk + 1 < x is prime if and only if k < n/r. By the prime number theorem for 
arithmetic progressions, for sufficiently large n we have 

K{n/r) = tt{x, d, 1) > — ^— > 



log x r log n 



s 
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where the implied constants depend only on d. Therefore, 

KinlrY n r 
card(W r (n)) > v ; > 



r! r\r r (log n) r 

and so 

log (card(W / r (n))) 3> r \ogn — log(r!r r ) — r log log n 

and 

- / % ,. . , log (card(W r (n))) 
$(r) = hminf — — — — - — v > r. 

n— >oo logn 

It follows that 

lim <£>(r) =00 

r — >oc 

and the sequence {dk + has many partition products. This completes the 

proof. □ 

In additive number theory, a sequence {bk}kLk contained in an additive abelian 
semigroup is called a -B r -sequence if sums of r distinct terms of the sequence are 
distinct, that is, if k\ < &2 < • • • < k r and j± < ji < ■ • • < jr, and if 

6fci + bk 2 H h &fc r = &ij + 6j 2 H h &j r 

then ki = ji for i = 1, . . . , r. The sequence is called a £>oo-sequence if all finite 
sums of distinct elements of the set are distinct, that is, if k\ < k<i < • • • < k r and 
ji < h < ■■■ < js, and if 

6fci + h 2 H h 6fe,. = 6ji + bj 2 H h & Js 

then r = s and fej = j'j for i = 1, . . . , r. If {6fc}^ fco is a sequence of positive real 
numbers such that J2k=k ^fc < bg for all £ > k , then the sequence is a -E?oo~sequence. 
In particular, a -Boo-sequence is a -B r -sequence for all r > 1. 

Lemma 5. Let c,c\,d, and t be positive real numbers with t > 2, and let {ek\k*Li 
be a sequence of real numbers such that \ek\ < C\k d for all k > 1. There is an 
integer kg such that the sequence 

{ct k + e k }T=k 
is a strictly increasing Baa-sequence. 

Proof. Let b% = ct k + ek for k > 1. Since t > 2 and |e/-| < cifc d , there is an integer 
fco such that 

< b k < b k+ i 

for all k > ko, and also 

rfi x crft-lKfc + 1)^ fc 

W c(rf+l)(t-2) 

for all k > ko. Let £ > ko- Using JJjJ and the inequality 

(^ + l) d+1 



< 



d+ 1 

fc=i 
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we obtain 

e-i e-i e-i 

E bk = c E tk + E ek 

k— ko k—ko k—ko 

< ci £ - ci£ d 

< 6/. 

This completes the proof. □ 

Theorem 3. Let c,cid, and t be positive real numbers with t > 2, and let {ek}'kLi 
be a sequence of real numbers such that \e k \ < c\k d for all k > 1. Let ko be a 
positive integer such that sequence 

W = {d* + e k }% =k0 

is a Boa-sequence. Then W has many partial products. 

Proof. Let b k = ct k + e k for k > 1. By Lemma there is an integer ko such that 
W — {ct k + ek}^L k is a strictly increasing _B r -sequence for every positive integer r. 
To every partition n = ki +• • • + k r into exactly r distinct parts k\ > &2 > ■ ■ ■ > k r , 
we associate the real number b^+ko + °k 2 +k a + • ■ ■ + b kr +k S W r (n + rko)- Since 
W is a B r -sequence, it follows that different partitions are associated to different 
real numbers, and so, by the partition asymptotic (3). 

c&rd(W r (n + rko)) > Qr(n) > n r ~ 1 

and 

rr/ \ ,. . , logcard(W / r (n)) 

$(r) = hminf — - — — ^ > r — 1. 

n— too log 71 

This completes the proof. □ 



5. A CONDITION FOR SUPERPOLYNOMIAL GROWTH 

Theorem 4. Let S be a semigroup generated by a set A — {e,g}, where e is an 
idempotent. Let So — eSe = {exe : x € S}. Suppose that, for all nonnegative 
integers k\ and ki, 

eg kl eg k2 e = eg k2 eg kl e. 

Let ip be a semigroup homomorphism from So into a semigroup (X, *) such that the 
sequence 

W = Me ff fe e)}r =1 

has many partition products in X. Then the semigroup S has superpolynomial 
growth. 

Proof. Let w k = <£>(e<? fc e) for k = 1, 2, Then 

Wki * Wk 2 = f{eg kl e) * ip(eg k2 e) = tp(eg kl eg k<2 e) 
= <p(eg k2 eg kl e) = cp{eg k2 e) * (f(eg kl e) 
= Wk 2 * w kl 
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for all k%, fe 6 No- If y = eg kl eg k2 e- ■ ■ eg kr e € So, then 

<p(y) = <p (eg kl e) * <p (eg 2 e) * ■ ■ ■ * tp (eg r e\ — w kl * w k2 * ■ ■ ■ * w kr . 

Let 7.4(71) denote the growth function of S with respect to A, and let 70(71) 
denote the growth function of Sq with respect to A. Fix a positive integer r. If 
w G W r (n — r — 1), then there are positive integers k%, fe, . . . , k r such that 



and 
Let 
Then 
and 



Wh x * w k2 * ■ ■ ■ * w kr = w 
h\ + • • • + k r < n — r — 1. 
y = eg kl eg k2 e---eg kh eeS Q . 
ip{y) = w kl * w k2 * • • • * w kr = w 



tA(y) < ki + k 2 H \-k r + r + l<n. 

Thus, to every element w £ W r (n — r — 1) there is at least one element y € So with 
tp(y) = w and £a(v) < 1, and so 

7o(ti) > card(Wr(n - r — 1)). 

It follows that 

lim . nf lotpAn) > liminf log7o(») > Uminf logcard(W- r (n-r-l)) = 

n^oo log 77, n— >oo log 71 n— >oo log 71 

Since this inequality is true for all positive integers r and <I>(r) tends to infinity, it 
follows that 

,. 7a(ti) 

nm = oo 

n-+oo log n 

and so the growth function 74 (n) is superpolynomial. □ 

6. The semigroups 

Theorem 5. Let d be a positive integer and let S^ be the subsemigroup of M 2 ^ZA 
generated by the matrices 

A d> 



f) 

and 



1 



1 0^ 

T7ie semigroup S^ has intermediate growth. 
Proof. Multiplying matrices, we obtain 

eg k e = (dk + l)e 

and 

eg k ^eg k2 e = (dh + l)(dk 2 + 1) = eg k2 eg kl e 

for all nonnegative integers k\,k 2 . It follows that S^ satisfies condition (i) of 
Theorem ^ and 

Sf> = eS (d) e = {(dk + l)e : k = 0, 1,2, . . .} = {ue : u G U d } 
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where Ud is the multiplicative semigroup of positive integers that are congruent to 
1 modulo d. 

For all u G Ud and all nonnegative integers i and j, 

, _ ,'l di\ fl 0\ fl dj\_fdi + l dj + dPif 



ue9 ~ u \o i ) \i o J \o i j " V i 4? 

Let Ui,tt2 € % and i\,i 2 , ji, ji € N . Then 

g n u-ieg n = g^u 2 eg n 

if and only if Ui = «2 and (i i , J i ) = (*2>.?2)- Thus, the semigroup also satisfies 
condition (ii) of Theorem ^ and so has subexponential growth. 
The function 

if : 4 d) -» % 

defined by 

ip(ue) = u 

is a semigroup homomorphism. Let = ip(eg k e) — ip((dk + l)e) = dfc + 1 and 
W — {dk + l}j£Li- By Theorem |5J the sequence W has many partition products. 
By Theorem 0] the semigroup has superpolynomial growth. This completes 
the proof. □ 

Problem 1. If d' divides d, then is a subsemigroup of S^ d \ In particular, for 
every positive integer d, the semigroup 5W is a finitely generated subsemigroup of 
the Okninski semigroup S^' . Let S be finitely generated subsemigroup of a finitely 
generated semigroup S. How are the growth rates of S' and S related? 

7. SUBSEMIGROUPS OF M 3 (R) 

For k > and to > 1, let Fk(xi, ■ ■ ■ , x m ) be the symmetric function of degree k 
in to variables defined by 



F k (x 1 ,...,x rn ) = ^2 



•^1 ■ 
(ii,...,i m )GN™ 

H+»2H Hm=fe 

Define Fk(x\, . . . , x m ) = for k < 0. If k > 1 and to > 2, then 

Ffc(£Ci, . . . , Z m ) = Xi-Ffc_i(xi,X 2 , . . . , x m ) + F k (x 2 , x m ). 
In particular, 

(7) F k (xi,X 2 ) — X\F k -i(xi,X 2 ) + x 2 

and 

(8) F k (xi,x 2 ,x 3 ) = xiF k -i(xi,x 2 ,x 3 ) + F k (x 2 ,x 3 ). 
Lemma 6. Consider the upper triangular matrices 



and 
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s k 




w k \ 





t k 


Uk 








r k J 


(s k 















S 








urat/i coefficients in a ring. For all k > 0, define 
u k = uF k -i(r,t) 
v k = vF k -i(s,t) 

w k = rfn(r,s) + uvF k - 2 {r,s,t). 

Then 

(9) e 2 = e 



(10) 5 fc = 

(11) eg k e 
and 

/ s k 1 + k 2 S kl Wka+r k2 Wki > 

(12) eg kl eg k2 e= 

\ r fcl + 

For k!,k 2 e N 0; 

(13) eg kl eg k2 e = eg k2 eg kl e 
if and only if 

(14) s fcl w fc2 +r k2 w kl = s k2 w kl +r kl w k2 - 
If r = s = 1, then (|13(l holds for all k\,k 2 S No. 

Proof. Identity (|10fl holds for /c = and k = 1. If the formula is true for some 
fe > 1, then and JHJ) imply that 

(s k v k w k \ I s V w s 
t k u k i u 
r k ) \0 r, 

/ s fc+1 s v + Ufet s^iw + VkU + Wkr^ 
t k+1 t k u + u k r 

r fc+1 

(s k+1 V k +l Wk+1 
u k +i 
r fc+1 

and identity H10J1 follows by induction on k. Identities Ijlljl and (|12|l follow by matrix 
multiplication, and (|13fl and (|14|l follow from inspection of i|12|) . This completes 
the proof. □ 

Theorem 6. Let t,u,v,w be real numbers with t > 2. Let T be the subsemigroup 
of M3 (R) generated by the matrices 

(l 0^ 

e= 

\o i ( 
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The semigroup T has intermediate growth. 
Proof. For every k € N, let 



t k = 1+t + i 2 + --- + t k - 1 



t - 1 



and 



uvt k 

w k = T, 7^7 +\w- T— T ) k ~ 



(£ - l) 2 V (t-l) 2 
By Lemma El we have e 2 = e, 




and 



eg kl eg k2 e = eg k2 eg kl e 



for kx, k 2 G No- 

Let To = eTe. Then Tq consists of all matrices of the form 

(1 w kl + Wk 2 H h w kr 

1 

where k\, . . . ,k r is a finite sequence of nonnegative integers. For i,j G No, the set 
g l %)g : > consists of all matrices of the form 

(1 Vtj Wi + Wj + W kl + W k2 H hWfe/ 
uU 
1 

Since {ti}°Z is a strictly increasing sequence of real numbers, formula 115(1 implies 
that for all ii,z 2 ,ji,j2 € N , 

if and only if 

(h,ji) = {h,k)- 

Thus, the semigroup T satisfies conditions (i) and (ii) of Theorem ^ and so has 
subexponential growth. 

Define the function ip : Tq — > R by 

ip{eg k e) = w k = ct k + e k 

where c = uv/(t — l) 2 and e k — (w — uv/(t — l))fc — c = 0(k). Then ip is a 
homomorphism from 7o into the additive group of real numbers. By Theorem 
there is an integer k such that the sequence W = {wfe}^ fco has many partial 
products. By Theorem 01 the semigroup T has superpolynomial growth. This 
completes the proof. □ 
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